System F,,: Higher-Order Polymorphism

Reference: Chapters 29 and 30 in Pierce’s TAPL
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Recall System F

(Terms) M = x| Ax:t. M| MM | Aa. M | M{(7)
(Types) 7 == a|T|1t>7|Va.71
(Values) v == Ax:7. M| Aa. M
(Contexts) I == e |Tl,x:7
(TypeVarContexts) A == e | A«

Reduction

(E-ApPABS)
(/lX I T. M1)M2 — M1 [MQ/X]

(E-TAPPTABS)
(Aa. My) (12) — Mi[12/a]
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Recall System F

Type well-formedness: A + 7
Typing judgment: A;T M : 7

A+ Ty AT, x:ty+-M: 1o
ATHFAX 1. M) 11 > 12

(T-ABs)

(T-VaR)
AT, x:TteX:T

ANTEM 7> 7 NTHM: T
A;r}-M1M21T/

(T-App)

AT +M:Yar AFT1o

ANa,lT+-M:t
AT - My (o) : T[12/0a]

AT F(Aa. M) - Yar

(T-TArP)

(T-TAes)
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Recall System F

We can encode boolean values:

def

True N, Ax :a. Ay a. x

def

False Nv. AX ia. Ay -a. y

Their type: Bool ® Voo > a = a.
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Recall System F

We can encode boolean values:

True € Aa.ax:a. Ay ra. x
False & Ac. ix:a. Ay ra.y

Their type: Bool ® Voo > a = a.

We can also encode a pair (x, y), where x has type Ty and y has
type To:
(x,y) L A Af Ty > T2 > a. fxy

Its type:

PairTi T» & Vo. (Ti > Tz > @) > a
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Type Operators (a.k.a. Type Constructors)

Type operators: type-level abstraction.

“Types depend on types.”

Example

. def
Pair = Aay. dap. Ya. (@1 » a2 —» @) > «a

7/35



Kinds

The abstraction and application mechanism at the type level gives
us the ability to write meaningless type expressions. For example,
(Bool Nat) makes no more sense than (True 6) at the term level.

To prevent this sort of nonsense, we introduce a system of kinds
that classify type expressions.

(Kinds) « == x|k—>«

Kinds are “the types of types”. Examples:

type || Bool | Bool — Bool | Pair

kindH * ‘ * ‘*—>*e*
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Example: Pair

Pair T{ To

(x.¥)

Va. (Tt > T > @) >«

AN. Af :T1 > To > a. fxy

Pair

pair
(x.¥)

Adaq x dag s Va. (1 = a2 > @) > «a

Ay, Nag. AX 1. Ay @ ao. Aa. Af -y > ag > a. fxy

pair(T1) (T2) X y
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Terms, Types and Kinds

Terms Types Kinds
5 Nat
Ax : Nat. x Nat — Nat *
(Ax : Nat. x)5 Va.a - «a
Na. Ax : a. x Ada.a — «a * > %
pair (Nat) (Nat) 5 1 (da. @ — ) Nat
(Ax : Nat. x) True Pair Nat Nat x> % > %
Pair
Pair Nat

Pair Pair



Terms, Types and Kinds

Terms Types Kinds
5 » Nat
Ax : Nat. x ’//:j;;t—e Nat *
(Ax : Nat. x)5 Va.a - «a
Na. Ax : a. x Ada.a — «a * > %
pair (Nat) (Nat) 5 1 (da. @ — ) Nat
(Ax : Nat. x) True \ Pair Nat Nat x> % > %
Pair
Pair Nat

Pair Pair



Terms, Types and Kinds

Terms Types Kinds
5 / Nat
Ax : Nat. x » Nat — Nat %

(Ax : Nat. x)5 Va.a - «a

Na. AX : . x la.a —> « * = %

pair (Nat) (Nat) 5 1 (da. @ — ) Nat
(Ax : Nat. x) True \ Pair Nat Nat x> % > %
Pair
Pair Nat

Pair Pair
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Discussions

Why stop at three levels of expressions? Couldn’t we go on to add
a fourth level to classify “kinds”, and so continue without end?

Such systems have been investigated by the pure type systems
community.

However, for programming languages, three levels have proved
sufficient. In essentially all statically typed programming
languages, it is relatively rare for language designers to offer
programmers even the full power of the type operators. Some
languages (e.g., Java) offer only a few built-in type operators like
Array, with no facilities for defining new ones.
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Aw: Simply-Typed A-Calculus with Type Operators

(Terms) M X|Ax:t.M| MM

(Types) 7 == a|T|t>7|dazkT|7T
(Kinds) « = x|k—>«

(Values) v = Ax:t. M

> Type variable «

> Operator abstraction Ada :: «. T
> Operator application 77

> Kind of proper types =

> Kind of operators x — «

Reduction rules are the same as STLC.
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Aw — Statics

(Terms) M = x| Ax: M| MM
(Types) 7 = a|T|1t>71|dakT| 7T
(Kinds) « = x|k—>«
(Values) v = ax:7. M
(Contexts) I == e |l,x:7T
(TypeVarContexts) A == e | Aa:«k

Kinding judgment: A+ 7 :: «
Type equivalence: 7 = 7/
Typing judgment: A;T M : 7
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Aw — Statics — Kinding

JANL I ST AFTo %

Ao kbra:k ArT: ArTy—>T0 0%
ANa:krtio K Artiik—>K ArT1oik
Ardaktik—K Artim0 1 K
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Aw — Statics — Type Equivalence

(A 2 k. T1) T2 = T1[12/ 0]

T1 =T, T =T,

TI > Ta=T) =T,

=17 T1 =T, T2 =T,

17/35



Aw — Statics — Typing

(T-VaR)
AT, x:tHx:7T

AFTyx AT, x:ti-M: 1
ATHFAX 1. M) 111 > 12

(T-Ass)

ANTHM 7> ATrHM: T
ANTEM M : 7

(T-ApP)

ANTEM: T =17 ArFT oo
ATHFM: T

(T-Eq)
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F,: Combining System F and Aw

(Terms) M = x| Ax:t. M| MM | A« M| M(t)
(Types) 7 = a|T|t->71|Yoeukt| e kt|TT
(Kinds) « = = |k—>«
Values) v 1= Ax: 7. M| Aa:k M

( )
(Ctxts) T == e |l x:7

(TVCixts) A == e | Aa:k
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F, — Reduction

(E-ApPABS)
(/lX I T. M1)M2 —> M1 [MQ/X]

My — M; My — M,
(E-Apr1) (E-ApPrP2)
M1 Mg—)M%Mg M1 Mg—)M% Mé

M— M
AX:T.M— Ix: 7. M

(E-Ass)

(E-TAPPTABS)
(A :: k. My) {12) — My[12/a]

My — M; M— M
(E-TArp) (E-TAss)
M; (T2) — Mj (12) Ak M— Ao k. M
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F. — Statics — Kinding

JANL I ST AFTo %

N a:kra:k ArT: AbFTi > 7100 %
ANa:krFTiK Artiik—>K Ar1oik
Avrda:kTik—K Avr1i1o 0 K

A kb1 %

ArVa: k1%
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F. — Statics — Type Equivalence

(A 2 k. T1) T2 = T1[12/ 0]

T1 =T} T2 =T, =1
T = T2=T] =15 Yok t=Va:k 1
T=1 T1 =T, T2 =T,
ek t=da:k T T1T2 =T} 7%
=17 t=7 1=1"
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F. — Statics — Typing

—— (T-VaR)
AT, xX:TeEX:T

AFTqx AT, x:ti-M:1o
ATHAX 1. M) 11 > 12

(T-Ass)

NTHM 17 ATrHM: T
AT MM : T

(T-App)

ANa:kiTeEM: T
ATE(Aa k. M) Va okt

(T-TAss)

AT M Yokt AFT1oik
AT+ My (12) : T[12/a]

(T-TApP)

ATEFM: 1 =7 AFT %
ANTHM: 7T

(T-Eq)
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F. — Properties

Theorem (Preservation)
Forall M, M’ and t, ife;e+ M:Tand M — M’, thene;e+ M : T,

Theorem (Progress)

For all M and 7, ife; ¢ + M : T, then either M € Values or
M. M — M.

Strong normalization: Every reduction path starting from a
well-typed F,, term is guaranteed to terminate.
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Going Further: Dependent Types

lambda abstraction Ax .M  terms depend on terms
parametric polymorphism A« :: k. M terms depend on types

type constructors Aa k. T  types depend on types
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Going Further: Dependent Types

lambda abstraction Ax .M  terms depend on terms
parametric polymorphism A« :: k. M terms depend on types
type constructors Aa k. T  types depend on types

dependent function types [lx : 7. 72 types depend on terms

(In the degenerate case, when 7, does not mention x, we write x : 74. 72 as
T o T2.)
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Dependent Function Types — Examples

FloatList n represents the type of lists with n float elements.

nil . FloatList 0
cons : [ln: Nat. Float — FloatList n — FloatList (succ n)
hd : Mn: Nat. FloatList (succ n) — Float

tl : Mn: Nat. FloatList (succ n) — FloatList n
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Dependent Function Types — Examples

consthree &' An: Nat. Af : Float. Al : FloatList n.
cons (succ (succ n)) f
cons (succ n) f
(consnfl)

Its type:

Mn : Nat. Float — FloatList n — FloatList (succ (succ (succ n)))
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Coqg’s Basis: Calculus of Inductive Constructions

file Edit Navigation Iry Tactics Templates Queries Compile Windows Help

B 20FEO )

[EFmamed nuer]
plus_comm =
fun n m : nat =>

(plus_n_0 m)

eg_ind (S (m + y))
(f_equal S H)
(m + S y)

(plus_n_Sm m y)) n
: forall nm : nat, n + m

nat_ind (fun nO : nat => n0 + m

(fun n0 : nat => S (v + m)

m + n0)

(fun (y : nat) H: yv+m=m+ vy) =>

no)

=m+n

fready line: 1Char 1| Codlde stared
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Lambda Cube — Syntax

Unify terms and types:

A = x|s|AA | Ax:AA|MNx:AA
Here the sort s is either =, denoting the type of types, or O, which is
one level up, denoting the type of kinds (such as x and lx : . ).

s = =x|0O
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Lambda Cube — Syntax

Unify terms and types:

A = x|s|AA | Ax:AA|MNx:AA
Here the sort s is either =, denoting the type of types, or O, which is
one level up, denoting the type of kinds (such as x and lx : . ).

s = =x|0O

Typing context:
= e|Ix:A
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Lambda Cube — Typing Rules

NFA:s x¢l
(SorrT) (VaR)
o x: [ Mx:Arx:A

[FA:B [+C:s xérl
Nx:CrA:B

(WEeak)

MFA: s xX:ArB:s
NMNx:A.B: s

(Form)

FFM:Mx:AB TEN:A
[r MN: B[A/X]

(ArP)

x:ArM:B kTMx:A.B : s
M-Ax:A.M:Tlx:A.B

(ABs)

lr-A:B N-B:s B =B
r-A:B

(Conv)
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Lambda Cube — Expressing Different Dependencies

X:A:s1|b:B:sy|(s1,8) | Ax:A.b from
* | (x,%) term depending on term | STLC
O * || (O, *) term depending on type | System F
O o | (o,0) | type depending on type | Aw
s o || (x,0) | type depending onterm | LF
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Lambda Cube

system: combinations (s1, s2) allowed: A y\C
A= (s, %) v D2
A2 (%) (O, %)
Aw (*, %) (O0,0)
P (+.%) (+,0)
Aw (x,%)  (O,%) (O0,0)
AP2 (%,%) (O, %) (*,0) Aw, | \Pw
APw (, %) (O0,0) (0
APw=AC | (%) (O,%) (0.0 (x,0) \ o

Taken from the book Type Theory and Formal Proof: An Introduction by Rob
Nederpelt and Herman Geuvers.
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