Homework 1: Lambda Calculus — Solutions

Problem 1

No. Let M = (Az.y) z and N =y. Then M — N but fo(M) = {y, 2} # {y} = fu(N).

Problem 2

For convenience, we use the following shorthand notations:
M=\ Xx. f(fz),
P=Xb.\z. \y.byz,
Q= Az. \w. z.

Then,
MPQ — (Ax.P(Pz))Q

~ P(PQ)
— Az Ay (PQ)yzx
= Az Ay (A Ay Qur)yx
= A Ay (A\u. Quy) x

S AYy. Qxy

= Ax. \y. (A\w. )y

— Ar. Y. x

Problem 3

For convenience, we use the following shorthand notation:

M =\f. D x. f(fx).

Then,
N ffHIM—- MM
= Ax. M (M x)
= Ax. M (Mz.x (xz2))
= A Ay (Az.x(zz2) (Nz.x (z2))y)
— Az. A ()\z $(xz))(a:( Y))
Problem 4
For convenience, we use the following shorthand notations:
I =M.t K = XAs. At. s,
J=As.Is, C = MXs.sss,

M = M.C (tK).
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(At JYMI— MJI
—C(JK)I
—~ (JK)(JK)(JK)I
— (IK)(JK)(JK)I
S K(JK)(JK)I
S (MJK)(JEK)I

- (JK)I
LUK
—KI
— At. 1
= At. (\L.1)
Problem 5
(a) Substitution
(let 2 = My in Mo)[N/z] ¥ let 2 = M[N/z] in M,
(let y = My in M)[N/x] © ety = M[N/x] in Ms[N/z|, where y & fu(N)

(let y = My in My)[N/x] ©F et 2 = My [N/x] in Ms[z/y][N/z], wherey € fu(N) and z fresh

(b) Reduction
For convenience, we use the following shorthand notations:

C=xn.dm.Af.  x.n f(mfzx),
B=\f.)\x. f(fz),
A=Af. dx. fz.
Then,
letc=C'in(letb=DBin(leta= Aincba))

—letb=Bin(leta=AinCbha)

—leta=AinCBa

—CBA

= (AmAfAx.Bf(mfz))A

= Af. A x.Bf(Afzx)

= A x. (M. f (fz)(Afz)

S AL A S (F(Af2)

= A f(f (M. fz)x))

Mo f (f(f)

Common mistake. Reducing the innermost let first is invalid:
letc=C'in(letb=DBin(leta=Aincbha))
-+ letc=Cin(letb=BincbA)
There is no rule allowing reduction inside a let body; the following rule is not provided:

Mz—)Mé
let = My in My — let z = My in M},




