
Homework 1: Lambda Calculus — Solutions

Problem 1

No. Let M = (λx. y) z and N = y. Then M → N but fv(M) = {y, z} ̸= {y} = fv(N).

Problem 2

For convenience, we use the following shorthand notations:

M = λf. λx. f (f x),

P = λb. λx. λy. b y x,

Q = λz. λw. z.

Then,
M P Q → (λx. P (P x))Q

→ P (P Q)

→ λx. λy. (P Q) y x

→ λx. λy. (λx. λy.Q y x) y x

→ λx. λy. (λu.Qu y)x

→ λx. λy.Qx y

→ λx. λy. (λw. x) y

→ λx. λy. x

Problem 3

For convenience, we use the following shorthand notation:

M = λf. λx. f (f x).

Then,
(λf. f f)M → M M

→ λx.M (M x)

→ λx.M (λz. x (x z))

→ λx. λy. (λz. x (x z)) ((λz. x (x z)) y)

→ λx. λy. (λz. x (x z)) (x (x y))

→ λx. λy. x (x (x (x y)))

Problem 4

For convenience, we use the following shorthand notations:

I = λt. t, K = λs. λt. s,

J = λs. I s, C = λs. s s s,

M = λt. C (tK).
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(λt. t J)M I → M J I

→ C (J K) I

→ (J K) (J K) (J K) I

→ (I K) (J K) (J K) I

→ K (J K) (J K) I

→ (λt. J K) (J K) I

→ (J K) I

→ (I K) I

→ K I

→ λt. I

= λt. (λt. t)

Problem 5

(a) Substitution

(let x = M1 in M2)[N/x]
def
= let x = M1[N/x] in M2

(let y = M1 in M2)[N/x]
def
= let y = M1[N/x] in M2[N/x], where y ̸∈ fv(N)

(let y = M1 in M2)[N/x]
def
= let z = M1[N/x] in M2[z/y][N/x], where y ∈ fv(N) and z fresh

(b) Reduction

For convenience, we use the following shorthand notations:

C = λn. λm. λf. λx. n f (mf x),

B = λf. λx. f (f x),

A = λf. λx. f x.

Then,
let c = C in (let b = B in (let a = A in c b a))

→ let b = B in (let a = A in C b a)

→ let a = A in C B a

→ C BA

→ (λm. λf. λx.B f (mf x))A

→ λf. λx.B f (Af x)

→ λf. λx. (λx. f (f x)) (Af x)

→ λf. λx. f (f (Af x))

→ λf. λx. f (f ((λx. f x)x))

→ λf. λx. f (f (f x))

Common mistake. Reducing the innermost let first is invalid:

let c = C in (let b = B in (let a = A in c b a))

↛ let c = C in (let b = B in c bA)

There is no rule allowing reduction inside a let body; the following rule is not provided:

M2 → M ′
2

let x = M1 in M2 → let x = M1 in M ′
2
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