
Homework 3: STLC — Solutions

Problem 1

τ = T → T

Typing

Dscrut Dleft Dright

• ⊢ M : T → T
(case)

Here Dscrut denotes the following derivation tree:

Did Did

• ⊢ ⟨λx : T. x, λx : T. x⟩ : (T → T)× (T → T)
(pair)

• ⊢ right ⟨λx : T. x, λx : T. x⟩ :
(T → T) + ((T → T)× (T → T))

(right)

Use Did to denote the following derivation tree:

x : T ∈ {x : T}
x : T ⊢ x : T

(var)

• ⊢ λx : T. x : T → T
(abs)

Use Dleft to denote the following derivation tree:

f : T → T ∈ {f : T → T}
f : T → T ⊢ f : T → T

(var)

• ⊢ λf : T → T. f : (T → T) → (T → T)
(abs)

Let
Γ = p : (T → T)× (T → T), x : T

Use Dright to denote the following derivation tree:

p : (T → T)× (T → T) ∈ Γ

Γ ⊢ p : (T → T)× (T → T)
(var)

Γ ⊢ proj1 p : T → T
(proj1) Dinner

Γ ⊢ (proj1 p)((proj2 p)x) : T
(app)

p : (T → T)× (T → T) ⊢ λx : T. (proj1 p)((proj2 p)x) : T → T
(abs)

• ⊢ λp : (T → T)× (T → T). λx : T. (proj1 p)((proj2 p)x) :

((T → T)× (T → T)) → (T → T)

(abs)

Use Dinner to denote the following derivation tree:

p : (T → T)× (T → T) ∈ Γ

Γ ⊢ p : (T → T)× (T → T)
(var)

Γ ⊢ proj2 p : T → T
(proj2)

x : T ∈ Γ
Γ ⊢ x : T

(var)

Γ ⊢ (proj2 p)x : T
(app)



Reduction

M −→ (λp : (T → T)× (T → T). λx : T. (proj1 p)((proj2 p)x))

⟨λx : T. x, λx : T. x⟩
−→ λx : T. (proj1 ⟨λx : T. x, λx : T. x⟩)

((proj2 ⟨λx : T. x, λx : T. x⟩)x)
−→ λx : T. (λx : T. x)((proj2 ⟨λx : T. x, λx : T. x⟩)x)
−→ λx : T. (λx : T. x)((λx : T. x)x)

−→ λx : T. (λx : T. x)x

−→ λx : T. x
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Problem 2

(a)(i) Typing

τ = T → T

The typing derivation is:
Dpair Dbody

• ⊢ M : T → T
(let-pair)

Here Dpair denotes the following derivation tree:

Dfirst Dsecond

• ⊢ ⟨(λh : T → T. h)(λa : T. a), λb : T. b⟩ :
(T → T)× (T → T)

(pair)

Use Dfirst to denote the following derivation tree:

h : T → T ∈ {h : T → T}
h : T → T ⊢ h : T → T

(var)

• ⊢ λh : T → T. h : (T → T) → (T → T)
(abs)

a : T ∈ {a : T}
a : T ⊢ a : T

(var)

• ⊢ λa : T. a : T → T
(abs)

• ⊢ (λh : T → T. h)(λa : T. a) : T → T
(app)

Use Dsecond to denote the following derivation tree:

b : T ∈ {b : T}
b : T ⊢ b : T

(var)

• ⊢ λb : T. b : T → T
(abs)

Let
Γ1 = f : T → T, g : T → T

Use Dbody to denote the following derivation tree:

Dfunction

g : T → T ∈ Γ1

Γ1 ⊢ g : T → T
(var)

Γ1 ⊢ (λk : T → T. λz : T. f(k z)) g : T → T
(app)

Let
Γ2 = Γ1, k : T → T, z : T

Use Dfunction to denote the following derivation tree:

f : T → T ∈ Γ2

Γ2 ⊢ f : T → T
(var)

k : T → T ∈ Γ2

Γ2 ⊢ k : T → T
(var)

z : T ∈ Γ2

Γ2 ⊢ z : T
(var)

Γ2 ⊢ k z : T
(app)

Γ2 ⊢ f(k z) : T
(app)

Γ1, k : T → T ⊢ λz : T. f(k z) : T → T
(abs)

Γ1 ⊢ λk : T → T. λz : T. f(k z) : (T → T) → (T → T)
(abs)
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Problem 2 (continued)

(a)(ii) Reduction

The first pair component must reduce before let elimination; no rule reduces the let body.

M −→ let ⟨f, g⟩ = ⟨λa : T. a, λb : T. b⟩
in (λk : T → T. λz : T. f(k z)) g

−→ (λk : T → T. λz : T. (λa : T. a)(k z)) (λb : T. b)

−→ λz : T. (λa : T. a)((λb : T. b) z)

−→ λz : T. (λa : T. a) z

−→ λz : T. z
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Problem 2 (continued)

(b)(i) Typing

τ = (T → T)× ((T → T) → (T → T))

The typing derivation is:

Douter Dnested

• ⊢ let ⟨f, g⟩ = ⟨λh : T → T. h, λx : T. x⟩ in
let ⟨k, p⟩ = ⟨f, ⟨g, f⟩⟩ in ⟨k(proj1 p), proj2 p⟩ :

(T → T)× ((T → T) → (T → T))

(let-pair)

Here Douter denotes the following derivation tree:

Dfun Did

• ⊢ ⟨λh : T → T. h, λx : T. x⟩ :
((T → T) → (T → T))× (T → T)

(pair)

Use Dfun to denote the following derivation tree:

h : T → T ∈ {h : T → T}
h : T → T ⊢ h : T → T

(var)

• ⊢ λh : T → T. h : (T → T) → (T → T)
(abs)

Use Did to denote the following derivation tree:

x : T ∈ {x : T}
x : T ⊢ x : T

(var)

• ⊢ λx : T. x : T → T
(abs)

Let
Γ1 = f : (T → T) → (T → T), g : T → T

Use Dnested to denote the following derivation tree:

Dinner Dbody

Γ1 ⊢ let ⟨k, p⟩ = ⟨f, ⟨g, f⟩⟩
in ⟨k(proj1 p), proj2 p⟩ :

(T → T)× ((T → T) → (T → T))

(let-pair)

Use Dinner to denote the following derivation tree:

f : (T → T) → (T → T) ∈ Γ1

Γ1 ⊢ f : (T → T) → (T → T)
(var) Dpack

Γ1 ⊢ ⟨f, ⟨g, f⟩⟩ :
((T → T) → (T → T))

× ((T → T)× ((T → T) → (T → T)))

(pair)

Use Dpack to denote the following derivation tree:

g : T → T ∈ Γ1

Γ1 ⊢ g : T → T
(var)

f : (T → T) → (T → T) ∈ Γ1

Γ1 ⊢ f : (T → T) → (T → T)
(var)

Γ1 ⊢ ⟨g, f⟩ : (T → T)× ((T → T) → (T → T))
(pair)

Let
Γ2 = Γ1, k : (T → T) → (T → T),

p : (T → T)× ((T → T) → (T → T))
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Use Dbody to denote the following derivation tree:

Dfirst Dsecond

Γ2 ⊢ ⟨k(proj1 p), proj2 p⟩ :
(T → T)× ((T → T) → (T → T))

(pair)

Use Dfirst to denote the following derivation tree:

k : (T → T) → (T → T) ∈ Γ2

Γ2 ⊢ k : (T → T) → (T → T)
(var)

p : (T → T)× ((T → T) → (T → T)) ∈ Γ2

Γ2 ⊢ p : (T → T)× ((T → T) → (T → T))
(var)

Γ2 ⊢ proj1 p : T → T
(proj1)

Γ2 ⊢ k(proj1 p) : T → T
(app)

Use Dsecond to denote the following derivation tree:

p : (T → T)× ((T → T) → (T → T)) ∈ Γ2

Γ2 ⊢ p : (T → T)× ((T → T) → (T → T))
(var)

Γ2 ⊢ proj2 p : (T → T) → (T → T)
(proj2)

(b)(ii) Reduction

U −→ let ⟨k, p⟩ = ⟨λh : T → T. h, ⟨λx : T. x, λh : T → T. h⟩⟩
in ⟨k(proj1 p), proj2 p⟩

−→ ⟨(λh : T → T. h)(proj1 ⟨λx : T. x, λh : T → T. h⟩),
proj2 ⟨λx : T. x, λh : T → T. h⟩⟩

−→ ⟨(λh : T → T. h)(λx : T. x),

proj2 ⟨λx : T. x, λh : T → T. h⟩⟩
−→ ⟨λx : T. x, proj2 ⟨λx : T. x, λh : T → T. h⟩⟩
−→ ⟨λx : T. x, λh : T → T. h⟩
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Problem 2 (continued)

(c) Preservation and progress

Variant Preservation Progress

1 Holds Holds
2 Holds Holds
3 Holds Fails
4 Fails Holds
5 Fails Holds

Variant 3. Let M3 be the following term:

let ⟨f, g⟩ = ⟨(λh : T → T. h)(λz : T. z), λz : T. z⟩
in f

M3 is well-typed:
• ⊢ M3 : T → T

M3 is not a value. Its first pair component is not a value, and removing let-m leaves no
applicable reduction rule.

Variant 4. Let M4 be the following term:

let ⟨f, g⟩ = ⟨λz : T. z, λh : T → T. h⟩ in f

M4 is well-typed:
• ⊢ M4 : T → T

However,
M4 −→ λh : T → T. h • ⊬ λh : T → T. h : T → T

Variant 5. Let M5 be the following term:

λy : T. let ⟨x, y⟩ = ⟨λz : T. y, λw : T. w⟩ in x

M5 is well-typed:
• ⊢ M5 : T → (T → T)

However,
M5 −→ λy : T.

(
x[(λz : T. y)/x][(λw : T. w)/y]

)
= λy : T.

(
(λz : T. y)[(λw : T. w)/y]

)
= λy : T. λz : T. λw : T. w

The reduct has type T → (T → (T → T)), not T → (T → T).
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