Homework 3: STLC — Solutions

Problem 1

7T=T—>T

Typing
Dscrut Dleft Dright
oM :T—T

(CASE)

Here Dgeryt denotes the following derivation tree:
Dia Dig
oM\ :T.x, \x:T.z): (T—>T)x(T—T)
oright Az :T.z, Az : T.x) :
(T>T)+(T—=T)x(T—=T)

(PAIR)
(RIGHT)

Use Dyq to denote the following derivation tree:

z:Te{x:T}
z:THx:T
oA :T.2:T—T

(VAR)
(ABS)

Use Diegy, to denote the following derivation tree:
fiT=>Te{f:T—>T}
f:T>THf:T>T
oFAf:T>T.f:(T>T)—>(T—>T)

(VAR)

(ABS)

Let
F=p:(T>T)x(T—>T),z:T

Use Dyignt to denote the following derivation tree:

p:(T>T)x(T—>T)el
Ty ToT)x@oT AR
I'Fprojlp:T—T (PROJI) Dinner
I' = (proj1p)((proj2p)z) : T
p:(T—=T) X (T—T)F Az :T.(projlp)((proj2p)x) : T — T
e Ap: (T—T)X(T—T).Az:T.(projlp)((proj2p)x) :
(T>T)x(T—T)) = (T—T)

(APP)

(ABS)

ABS)

Use Dinner to denote the following derivation tree:

p:(T>T)x(T—>T)el
F'Fp:(T—>T)x(T—T)

FFpro2p:T—T
't (proj2p)x = T

(VAR)
(PROJ2)




Reduction
M— Ap: (T—=T)x(T—T). Az :T.(projlp)((proj2p)z))

A :T.x,\x:T.xz)

— Az : T.(projl (Az : T.x, Az : T.x))

((proj2 (Az : T.x, Az : T.x))x)

—r Az T.( Az : T.z)((proj2 (A\x : T.z, Az : T.x))x)

— Az T.( Az : T.z)(A\z : T.x)x)

— Az :T.(\x: T.z)x

— M :T.z



Problem 2

(a)(i) Typing
7T=T—>T

The typing derivation is:
Dpair Dbody

e M T T (WFT-PAIR)

Here Dpair denotes the following derivation tree:

Dﬁrst Dsecond

(PAIR)
o ((Ah:T—T.h)(Aa:T.a),\b:T.b):
(T—>T)x(T—T)
Use Drirst to denote the following derivation tree:
h:T—Te{h:T—T} a:Te{a:T}
A -
h:T—-THA:T—T (VAR) (ABS) a:TkFa:T (VA(FJ:)BS)

oM :T—Th:(T>T)—(T—T) oe-Xa:T.a:T—T

APP
o (M :T—T.h)(Aa:T.a): T—T (apr)
Use Dgyecond to denote the following derivation tree:
b:Ted{b:T
# (VAR)
b:THbH:T (ABS)

oFMN:T.b:T—T
Let

Ih=f:T—>T,¢9g:T—>T
Use Dpody to denote the following derivation tree:

g:T—-Tely
Dfunction F1 + g: T—>T (VAR) (APP)
NEMe:T—=TA2:T. f(kz))g: T—T

Let

IFo=T1,k:T—>T,2z:T
Use Drunction to denote the following derivation tree:

k:T—>Tely (VAR) z:Tely (VAR)
f:T—)TGPQ(AR) IoFE:T—>T Fgl—z:T(APP)
o f:T—>T I‘gl—k:z:T(APP)
ok f(kz):T (ABS)
F,k:T—>TFXz:T. f(k2): T—T
(ABS)

CMEXe:T—>T Az:T. f(k2): (T—=T) > (T—T)



Problem 2 (continued)

(a)(ii) Reduction
The first pair component must reduce before let elimination; no rule reduces the let body.

M —let (f,g) = (Aa:T.a,\b:T.b)
in Mc:T—=>T.A2:T.f(kz))g
— (Ak:T—>T.Az:T.(Aa:T.a)(kz)) (Ab:T.b)
—Az:T.(Aa:T.a)((Ab:T.b) 2)
— Az:T.(Aa:T.a)z
—r Az T. 2



Problem 2 (continued)

(b)(i) Typing
T=T—>T)x({(T—>T) = (T—T))
The typing derivation is:

Douter  Dhested
oklet (f,g) =(MN:T—T.h,Az:T.z)in

let (k,p) = (f, (g, f)) in (k(projlp), proj2p) :
(T>T)x({(T—>T) = (T—T))

(LET-PAIR)

Here Dyyter denotes the following derivation tree:
Dfun Did
o (A :T—T. hXx:T.x):
(T—>T)=(T—T)x(T—T)

(PAIR)

Use Diun to denote the following derivation tree:

h:T—Te{h:T—T}
h:T—THA:T—>T
oM :THTh:(T>T)—(T—T)

(VAR)

(ABS)

Use Djq to denote the following derivation tree:

x:Te{x:T}
z:ThHx:T
o)Xy :T.x: T—>T

(VAR)
(ABS)

Let
H=f:(T—>T)—=(T—>T),9g:T—>T

Use Dhpested to denote the following derivation tree:
Dinner Dbody
Iy - let (k,p) = (f, {9, f))

in (k(projlp), proj2p) :
(T>T)Xx({(T—=T)—=(T—T)

(LET-PAIR)

Use Dinner to denote the following derivation tree:
[:(T=T) = (T—>T) el
LEf:(T>T) = (T—T)
Iy = (f, {9, f))

(T—>T)—=(T—T))
X(T>T)x({(T—>T)—=(T—T1)))

(VAR)

Dpack

(PAIR)

Use Dpack to denote the following derivation tree:
g:T—>Tely (vAR) fi(T>T) = (T>T) el
NkFg:T—T NMEf:(T>T)—=(T—>T)
e, f):(T>T)x(T—>T)—=(T—T))

(VAR)

(PAIR)

Let
Po=T1,k:(T—>T)—(T—T),

p:(ToT)X({(T—=T) = (T—=T))

5



Use Dyody to denote the following derivation tree:

Dﬁrst Dsecond
[y = (k(projlp), proj2p) :
(T>T)Xx({(T—>T) = (T—T))

(PAIR)

Use Dg,st to denote the following derivation tree:

p:(ToT)X((T—=T) = (T—T)) el
Lobp:(ToT)x(T—T) = (T—T))
IobFprojlp: T—T

(VAR)

k:(T—>T)—=>(T—>T) el (PROJ1)

Lk (ToT) oot VAR
Iy F k(projlp) : T—T

(APP)

Use Dgecong to denote the following derivation tree:
p:(ToT)Xx((T—=T) = (T—T)) el
Dobp: (T>T)x((T—>T)—=(T—T1))
ok pro2p: (T—T)— (T—T)

(VAR)

(PROJ2)

(b)(ii) Reduction
U—let(k,p) =M:T—T.h,(Ax:T.2,\h : T — T.h))

in (k(proj1p), proj2 p)

— (M T— T.h)(projl (Az : T.2, Ah : T — T. h)),
proj2 (A\x : T.x,\h : T — T. h))

— ((Ah: T = T.h)(A\z: T.x),
proj2 (Az : T.x,A\h : T — T.h))

— (A :T.xz,proj2(Ax : T.z, A\h : T — T. h))

— (M :T.z,Ah: T —T.h)



Problem 2 (continued)

(c) Preservation and progress

Variant Preservation Progress

1 Holds Holds
2 Holds Holds
3 Holds Fails
4 Fails Holds
5 Fails Holds

Variant 3. Let M3 be the following term:

let (f,g) = (Ah:T—T.h)(Az:T.2),Az:T.2)
in f

M3 is well-typed:
o Mg:T—T

M3 is not a value. Its first pair component is not a value, and removing LET-M leaves no
applicable reduction rule.

Variant 4. Let M, be the following term:
let (f,g) = (Az:T.2,Ah:T—T.h)in f
My is well-typed:
oMy :T—>T
However,
My— M:T—T.h oA :T—>Th:T—T
Variant 5. Let M5 be the following term:
Ay T.let (z,y) = (A\z: Ty, \w: T.w) inx
M5 is well-typed:
o M5;:T— (T—T)

However,
Ms — My : T. (1:[()\2 :T.y)/z][(Aw : T. w)/y])

=Xy :T. (A2 : T.y)[(Qw : T.w) /y])
=dy:T.Az:T. w:Tw

The reduct has type T — (T — (T — T)), not T — (T — T).



