
Homework 4: STLC — Solutions

Problem 1

(a)

M = λf : τ1 → τ2. λx : τ1. left (f x)

Let
Γ = f : τ1 → τ2, x : τ1

Then the typing derivation is:

f : τ1 → τ2 ∈ Γ

Γ ⊢ f : τ1 → τ2
(var)

x : τ1 ∈ Γ
Γ ⊢ x : τ1

(var)

Γ ⊢ f x : τ2
(app)

Γ ⊢ left (f x) : τ2 + τ3
(left)

f : τ1 → τ2 ⊢ λx : τ1. left (f x) : τ1 → (τ2 + τ3)
(abs)

• ⊢ M : (τ1 → τ2) → τ1 → (τ2 + τ3)
(abs)

(b)

M = λs : (τ1 × τ2) + (τ3 × τ4). case s do (λp : τ1 × τ2. left (proj1 p))

(λq : τ3 × τ4. right (proj2 q))

Let
Γ = s : (τ1 × τ2) + (τ3 × τ4)

Then the typing derivation is:

s : (τ1 × τ2) + (τ3 × τ4) ∈ Γ

Γ ⊢ s : (τ1 × τ2) + (τ3 × τ4)
(var) Dleft Dright

Γ ⊢ case s do (λp : τ1 × τ2. left (proj1 p))

(λq : τ3 × τ4. right (proj2 q)) : τ1 + τ4

(case)

• ⊢ M : ((τ1 × τ2) + (τ3 × τ4)) → (τ1 + τ4)
(abs)

Here Dleft denotes the following derivation tree:

p : τ1 × τ2 ∈ (Γ, p : τ1 × τ2)

Γ, p : τ1 × τ2 ⊢ p : τ1 × τ2
(var)

Γ, p : τ1 × τ2 ⊢ proj1 p : τ1
(proj1)

Γ, p : τ1 × τ2 ⊢ left (proj1 p) : τ1 + τ4
(left)

Γ ⊢ λp : τ1 × τ2. left (proj1 p) : (τ1 × τ2) → (τ1 + τ4)
(abs)

Use Dright to denote the following derivation tree:

q : τ3 × τ4 ∈ (Γ, q : τ3 × τ4)

Γ, q : τ3 × τ4 ⊢ q : τ3 × τ4
(var)

Γ, q : τ3 × τ4 ⊢ proj2 q : τ4
(proj2)

Γ, q : τ3 × τ4 ⊢ right (proj2 q) : τ1 + τ4
(right)

Γ ⊢ λq : τ3 × τ4. right (proj2 q) : (τ3 × τ4) → (τ1 + τ4)
(abs)



Problem 2

(a)

Γ ⊢ None : option τ
(t-none) Γ ⊢ M : τ

Γ ⊢ SomeM : option τ
(t-some)

Γ ⊢ M : option τ

Γ ⊢ getM : τ
(t-get)

(b)

Variant Preservation Progress

1 holds fails
2 holds holds
3 holds holds
4 fails holds
5 holds fails
6 fails fails

Variant 1.
• ⊢ Some (getNone) : option T

This term is not a value and cannot reduce without some.

Variant 4.
• ⊢ getNone : T getNone −→ None • ⊬ None : T

None has only option types.

Variant 5.
• ⊢ get (getNone) : T

Here None has type option (option T). The inner getNone is a value with no reduction. The
whole term is neither a value nor able to reduce.

Variant 6.
• ⊢ get (Some (λz : T. z)) : option (T → T)

get (Some (λz : T. z)) −→ λz : T. z

• ⊬ λz : T. z : option (T → T)

The reduct has a function type, so preservation fails. Also,

• ⊢ get (λz : T. z) : T → T

This term is neither a value nor able to reduce, so progress fails.
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