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In this exam, we consider a programming language which extends simply-typed lambda calculus
(STLC) with primitive Booleans, nondeterministic choice, and recursion.

Figure 1 shows the syntax of the programming language. Figure 2 gives all the evaluation rules.
Figure 3 gives the typing rules. Contexts map variables to types; bound variables may be renamed

to fresh variables before extending a context.

(Types) 7 u= Bool|T—=T
(Terms) M,N == x| AXx:7.M | MN |true|false | if M then Nj else No | M & N | fix M
(Values) v u= true|false | \x:7. M

(Contexts) I == e | T,z:7

Figure 1: Syntax of the programming language

M — M’ N — N’
MN — M'N (apP1) m (APP2)
M — M’
(At :7.M)v — M|v/z] (BETA) if M then N; else No — if M’ then N7 else Ny (1F-STEF)
(IF-TRUE) (IF-FALSE)

if true then M else N — M if false then M else N — N

m (CHOOSE—L) m (CHOOSE—R)
M — M
fix M — fx a0 " O 7 M) — M (e 7. M) 2] Y

Figure 2: Evaluation rules

Safety. The following hold for this language.
Theorem (Preservation). For any M, N and 7, ifet M : 7 and M — N, then e = N : 7.

Theorem (Progress). For any M and 7, if e M : 7, then M € Values or AM'.M — M'.
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rz:T1el

Tha:r ™ Titrue:Bool "™ TF false: Bool "™
z:oFM:T ‘ I'-M:0—-7 T'THFN:co
Fl—)\x:J.M:U—>T(T_ABS) TEMN:+ (T-APP)

I'EM:Bool THENy:7m I'ENy:T
T if M then Ny else Ny i r )
'M:7 THN:7T THFM:7—71
TFM&N:r (T-CHOICE) TF fixM -7 (T-FIX)

Figure 3: Typing rules

Free variables and substitution.

For arbitrary terms M, N and a variable x, define the set of free variables fv(M) and the capture-

avoiding substitution M[N/x].
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Evaluation and typing.

Consider the term

M (Af : Bool — Bool.true)

(((Ag : Bool — Bool.g)(Az : Bool.z)) & ((Ay : Bool.y)false)).

(a) Give all the complete evaluation sequences of M. [15 points]
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(b) Determine whether there exists a type 7 such that e = M : 7. If so, give a complete typing

derivation; otherwise, explain why no such derivation exists. [10 points]
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3. (ZIK%/\Z“)/\: PRI 53 )
Preservation and progress after changing rules.

Each variant below changes the original language independently. Except for the explicitly stated

changes, all syntax, typing rules, and evaluation rules remain unchanged.
Variant 1. Remove the CHOOSE-R rule.
Variant 2. Remove both the CHOOSE-L and CHOOSE-R rules.

Variant 3. Remove both the CHOOSE-L and CHOOSE-R rules, and extend the value syntax by
(Values) v == --- | M @& N

This extended syntax is used in BETA and APP2.

Variant 4. Replace T-CHOICE by

'EM:7
—F FMoN 7T (T-CHOICE-LEFT)
Variant 5. Replace T-FIX by
'-M:o—T1
TF fix M -7 (T-FIX-GENERAL)
Fill the table with holds or fails. [10 points]

For each failed property, give a counterexample and explain why it violates that property. No
explanation is required for a holds entry. The counterexamples and explanations carry 20 points

in total.

Variant Preservation Progress
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(This is a blank page for you to write down your answers.)
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Nondeterministic choice and termination.

Multistep evaluation (k > 0) is defined by
M —%M  iff M= M,
M —*E M it 3MY. M — M AM" —F M,
M —* M  if 3k>0.M —F M.

May termination is defined by

M oy iff Fo. M —* 0.

Must termination is defined inductively by the following rules:

M € Values
M U’must

(MUST-VALUE)

M— M YM". (M — M") = (M" Jnust)
M llmust

(MUST-STEP)

For parts (a) and (b), let R, S satisfy

x : Bool — Bool,b : Bool - R : Bool, x : Bool — Bool, b : Bool F 5 : Bool.

Define
Pr.s % fix (Az : Bool = Bool.Ab : Bool.(R & S)),
Qn.s % fix (A : Bool — Bool.\b : Bool.R) & (Az : Bool — Bool.\b : Bool.5)).
(a) For Boolean constants , s, define [10 points]

R, i b then (z 1) else true,

def
S, = rs.

Find one pair of Boolean constants r and s such that
Pg, s, true bmay A —(QRr,.s, true Jmay)-

Using the evaluation rules and the definition of may termination given above, formally prove

that Pg, g, true {may and _'(QRT,SS true llmay) hold for your chosen 7, s.
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(This is a blank page for you to write down your answers.)

&
o
=
=
—_
o
=



(b) For Boolean constants r, s, define [10 points]

R, @ if b then (x ) else true,

S, % if b then true else (xs).

Find one pair of Boolean constants r and s such that
QR,s, true bmust A _‘(PR,«,SS true U’must)-

Using the evaluation rules and the definition of must termination given above, formally prove

that Qr,.s, true {Jmust and —|(PRT7SS true leust) hold for your chosen 7, s.
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(c) Determine whether the following claim holds. [5 points]

For every closed term M (i.e., M has no free variables), if M |l;ay and there is no

infinite evaluation sequence starting from M, then M {must-

If it holds, just answer yes. Otherwise, give a counterexample and formally justify why it
satisfies both premises but not the conclusion, using the evaluation rules and the definitions

of may and must termination.
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